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VARIANTS OF CONFLUENT q-HYPERGEOMETRIC EQUATIONS
RYUYA MATSUNAWA, TOMOKI SATO, AND KOUICHI TAKEMURA
Abstract. Variants of the q-hypergeometric equation were introduced in our pre-
vious paper with Hatano. In this paper, we consider degenerations of the variant
of the q-hypergeometric equation, which is a q-analogue of confluence of singular-
ities in the setting of the differential equation. We also consider degenerations of
solutions to the q-difference equations.
1. Introduction
The special functions have rich mathematical structures, and some of them have
been applied to physics. The Gauss’ hypergeometric function
2F1(α, β; γ; z) = 1 +
αβ
γ
z +
α(α + 1)β(β + 1)
2! γ(γ + 1)
z2 + · · ·+
(α)n(β)n
n!(γ)n
zn + . . . ,(1.1)
((λ)n = λ(λ+ 1) . . . (λ+ n− 1))
is a typical example of the special functions, and it is essentially characterized by the
Gauss’ hypergeometric equation
(1.2) z(1 − z)
d2y
dz2
+ (γ − (α + β + 1)z)
dy
dz
− αβy = 0.
It is a second order Fuchsian differential equation with three singularities {0, 1,∞}.
Here the Fuchsian differential equation is a linear differential equation whose singular-
ity on the Riemann sphere is always the regular singularity. However, several special
functions are related with the differential equation which may not be Fuchsian. For
example, Kummer’s confluent hypergeometric function
(1.3) 1F1(α; γ; z) = 1 +
α
γ
z +
α(α + 1)
2! γ(γ + 1)
z2 + · · ·+
(α)n
n!(γ)n
zn + . . . .
satisfies the differential equation
(1.4) z
d2y
dz2
+ (γ − z)
dy
dz
− αy = 0,
which has irregular singularity about z =∞. Eq. (1.4) is called Kummer’s differential
equation or confluent hypergeometric differential equation. equation
It is widely known that Kummer’s function and Kummer’s differential equation
are obtained by confluence of the singularity of the Gauss’ hypergeometric equation.
Namely we replace the variable z in Gauss’ hypergeometric equation with z/β and
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take the limit β →∞. Then the singularity z = 1 of Gauss’ hypergeometric equation
merges into the singularity z =∞ and we obtain the confluent equation.
We can also consider the confluence process from Kummer’s differential equation.
We set z = u1x+ u2, u2 = u
2
1/2, γ = u2 and α = −λ/2, and take the limit u1 →∞.
Then we obtain the Hermite-Weber equation;
(1.5)
d2y
dx2
− 2x
dy
dx
+ λy = 0.
By setting y = ex
2/2u, it is transformed to the differential equation −u′′ + x2u =
(1 + λ)u, which is related with the quantum harmonic oscillator.
The q-analogue of the hypergeometric functions has been studied well from the
19th century. Heine’s basis hypergeometric series was introduced as
(1.6) 2φ1(a, b; c; x) =
∞∑
n=0
(a; q)n(b; q)n
(q; q)n(c; q)n
xn, (λ; q)n =
n−1∏
i=0
(1− λqi).
It satisfies
(1.7) (x− q)f(x/q)− ((a+ b)x− q − c)f(x) + (abx − c)f(qx) = 0.
It is known that Gauss’ hypergeometric differential equation (1.2) is obtained from
Eq. (1.7) by the limit q → 1, and the differential equation has singularities about
x = 0, 1,∞.
In this paper, we investigate a q-analogue of confluence processes which is re-
lated with the hypergeometric equations. In particular, we consider the confluence
processes from the variant of q-hypergeometric equation of degree two, which was
introduced in [3] as
(x− qh1+1/2t1)(x− q
h2+1/2t2)g(x/q) + q
α1+α2(x− ql1−1/2t1)(x− q
l2−1/2t2)g(qx)
(1.8)
− [(qα1 + qα2)x2 + Ex+ p(q1/2 + q−1/2)t1t2]g(x) = 0,
p = q(h1+h2+l1+l2+α1+α2)/2, E = −p{(q−h2 + q−l2)t1 + (q
−h1 + q−l1)t2}.
By taking the limit q → 1, we essentially obtain the second order Fuchsian differential
equation with three singularities {t1, t2,∞} (see [3]). Recall that Hahn [2] introduced
a q-difference analogue of Heun’s differential equation of the form
(1.9) {a2x
2 + a1x+ a0}g(x/q)−{b2x
2 + b1x+ b0}g(x) + {c2x
2 + c1x+ c0}g(xq) = 0,
with the condition a2a0c2c0 6= 0, and it was rediscovered in [6] by considering degen-
erations of the Ruijsenaars-van Diejen system. We call Eq. (1.9) the q-Heun equation
Then Eq. (1.8) is a specialization of the q-Heun equation, and it is characterized by
the condition that the difference of the exponents about the origin x = 0 is one and
the singularity x = 0 is apparent (see [7, 3]).
We consider the degeneration of the variant of q-hypergeometric equation of degree
two such that the polynomial qα1+α2(x − ql1−1/2t1)(x − q
l2−1/2t2) tends to a linear
polynomial. We take the limit qα2 → 0 formally in Eq. (1.8) with the condition that
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α2 + l2 = h1 + h2 − l1 − α1 + 1− 2λ is fixed. Then we have
qh1+h2−l1−2λ+1/2t2(q
l1−1/2t1 − x)g(qx) + (x− q
h1+1/2t1)(x− q
h2+1/2t2)g(x/q)(1.10)
− [qα1x2 − qh1+h2−λ+1/2(q−h2t1 + q
−h1t2 + q
−l1t2)x
+ qh1+h2−λ(q + 1)t1t2]g(x) = 0.
We may regard the parameter λ in Eq. (1.10) to be independent from the other
parameters h1, h2, l1, α1, t1 and t2. We call Eq. (1.10) a variant of the singly
confluent q-hypergeometric equation or the variant of the confluent q-hypergeometric
equation of type (1, 2). By taking the limit q → 1, we essentially obtain Kummer’s
confluent hypergeometric equation although the position of the regular singularity is
deformed to x = t1 (see section 7 for details).
We consider further degeneration. We take the limit q−l1 → 0 formally in Eq. (1.10).
Then we have the following equation;
g(qx) + q2λ+1(1− q−h1−1/2t−11 x)(1− q
−h2−1/2t−12 x)g(x/q)(1.11)
− [qα1+2λ−h1−h2t−11 t
−1
2 x
2 − qλ+1/2(q−h1t−11 + q
−h2t−12 )x+ q
λ(q + 1)]g(x) = 0.
We call Eq. (1.11) a variant of the biconfluent q-hypergeometric equation or the
variant of the confluent q-hypergeometric equation of type (0, 2). By taking the limit
q → 1, we essentially obtain the Hermite-Weber differential equation (see section 7).
Next we investigate solutions of the q-difference equations. It was discovered in [3]
that the variant of q-hypergeometric equation of degree two (Eq. (1.8)) has several
explicit formal solutions, and we describe them in Proposition 2.1. For example, the
function
g(x) = xλ
∞∑
n=0
cn
( x
ql1−1/2t1
; q
)
n
, cn =
(qλ+α1 ; q)n(q
λ+α2 ; q)nq
n
(qh1−l1+1; q)n(qh2−l1+1t2/t1; q)n(q; q)n
(1.12)
is a formal solution of Eq. (1.8), where λ = (h1 + h2 − l1 − l2 − α1 − α2 + 1)/2. Here
the formal solution means that the coefficients of the solution (e.g. cn in Eq. (1.12))
are determined recursively. On the degeneration to the variant of the singly confluent
q-hypergeometric equation (Eq. (1.10)) as qα2 → 0, we can also take the limit of the
solutions of Eq. (1.8), and we obtain several explicit formal solutions of Eq. (1.10)
(see theorems in section 3). For example, the function
g(x) = xλ
∞∑
n=0
cn
( x
ql1−1/2t1
; q
)
n
, cn =
(qλ+α1 ; q)nq
n
(qh1−l1+1; q)n(qh2−l1+1t2/t1; q)n(q; q)n
(1.13)
is a solution of Eq. (1.10), in which the term (qλ+α2 ; q)n in Eq.(1.12) is replaced with
1 by the limit qα2 → 0. We can also several explicit formal solutions of Eq. (1.11)
by the limit q−l1 → 0 in Eq. (1.10) (see theorems in section 4). On this research, we
eventually found new solutions of Eq. (1.8), which we note in Theorem 2.2. We can
also consider the limits of the functions in Theorem 2.2 and we obtain several explicit
formal solutions of Eq. (1.10) and that of Eq. (1.11).
Recall that the coefficient of g(qx) in the variant of the singly confluent q-hypergeometric
equation (i.e. Eq. (1.10)) is a linear polynomial. We can also consider the degeneration
that the coefficient of g(x/q) tends to a linear polynomial. We perform it in section
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5 and we obtain another variant of the singly confluent q-hypergeometric equation
(see Eq. (5.1)) together with several formal solutions of that. We also obtain an-
other variant of the biconfluent q-hypergeometric equation (see Eq. (5.8)) and several
formal solutions. It is seen in section 6 that another variant of the singly confluent
q-hypergeometric equation (resp. another variant of the biconfluent q-hypergeometric
equation) is transformed to Eq. (1.10) (resp. Eq. (1.11)) by multiplying a scalar func-
tion (a gauge factor). Then we obtain a solution of Eq. (1.10) (resp. Eq. (1.11)) by
multiplying a solution of another variant of the singly confluent q-hypergeometric
equation (resp. another variant of the biconfluent q-hypergeometric equation) by the
gauge factor.
This paper is organized as follows. In section 2, we review some solutions of the
variant of q-hypergeometric equation of degree two (Eq. (1.8)) and we obtain new
solutions. In section 3, we obtain some solutions of the variant of the singly confluent
q-hypergeometric equation (Eq. (1.10)). In section 4, we obtain some solutions of the
variant of the singly confluent q-hypergeometric equation (Eq. (1.11)). In section 5,
we discuss other variants of the singly confluent q-hypergeometric equation and the
biconfluent q-hypergeometric equation. In section 6, we discuss relationships between
another variant of the singly confluent q-hypergeometric equation (resp. another vari-
ant of the biconfluent q-hypergeometric equation) and Eq. (1.10) (resp. Eq. (1.11)),
and we give applications to the solutions. In section 7, we consider the limits to
the singly confluent differential equation of Kummer and the biconfluent differential
equation of Hermite-Weber as q → 1. In section 8, we give concluding remarks.
2. Solutions to the variant of q-hypergeometric equation of degree
two
Recall that the variant of q-hypergeometric equation of degree two was given in
Eq. (1.8), i.e.
(x− qh1+1/2t1)(x− q
h2+1/2t2)g(x/q) + q
α1+α2(x− ql1−1/2t1)(x− q
l2−1/2t2)g(qx)
− [(qα1 + qα2)x2 + Ex+ p(q1/2 + q−1/2)t1t2]g(x) = 0,
p = q(h1+h2+l1+l2+α1+α2)/2, E = −p{(q−h2 + q−l2)t1 + (q
−h1 + q−l1)t2}.
In this paper we do not consider convergence of solutions of the q-difference equations,
and we treat solutions formally. If the infinite summation in the formal solution
terminates as a finite summation, then it is exactly the solution. Several solutions of
the variant of q-hypergeometric equation of degree two were obtained in [3] as follows;
Proposition 2.1. ([3]) Let λ = (h1 + h2 − l1 − l2 − α1 − α2 + 1)/2.
(i) The function
g(x) =x−α1
∞∑
n=0
(q1/2x−1)n
(qλ+α1 ; q)n
(qα1−α2+1; q)n
(2.1)
·
n∑
k=0
(qλ+α1−h2+l2 ; q)k(q
λ+α1−h1+l1; q)n−k
(q; q)k(q; q)n−k
(ql1t1)
k(ql2t2)
n−k
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is a solution of the variant of q-hypergeometric equation of degree two (i.e. Eq. (1.8)).
(ii) Set (i, i′) = (1, 2) or (2, 1). Then the function
g(x) = xλ
∞∑
n=0
( x
qli−1/2ti
; q
)
n
(qλ+α1 ; q)n(q
λ+α2 ; q)n
(qhi−li+1; q)n(qhi′−li+1ti′/ti; q)n(q; q)n
qn(2.2)
(
= xλ 3φ2
(
qλ+α1 , qλ+α2,
x
qli−1/2ti
; qhi−li+1, qhi′−li+1ti′/ti; q, q
))
is a solution of Eq. (1.8).
(iii) Set (i, i′) = (1, 2) or (2, 1). Then the function
g(x) = x−α1
[ ∞∑
n=0
(qhi+1/2ti
x
; q
)
n
(qλ+α1 ; q)n
(qhi−li′+1ti/ti′ ; q)n
qn·(2.3)
n∑
k=0
(qλ−hi′+li′+α1 ; q)k
(qhi−li+1; q)k(q; q)k(q; q)n−k
qk(k+1)/2(−qhi−li′ ti/ti′)
k
]
.
is a solution of Eq. (1.8).
Note that the functions which are obtained by replacing α1 with α2 are also solu-
tions of the variant of q-hypergeometric equation of degree two.
We discovered new solutions of Eq. (1.8) as follows, which can be confirmed simi-
larly to Proposition 2.1 established in [3].
Theorem 2.2. Let λ = (h1+h2− l1− l2−α1−α2+1)/2. Set (i, i
′) = (1, 2) or (2, 1).
(i) The function
g(x) = xλ
∞∑
n=0
(qλ+α1 ; q)n(q
λ+α2; q)n
(qhi−li+1; q)n(qhi−li′+1ti/ti′ ; q)n(q; q)n
(qhi+1/2ti
x
; q
)
n
( x
qhi′−1/2ti′
)n
,
(2.4)
(
= xλ 3φ2
(
qλ+α1 , qλ+α2,
qhi+1/2ti
x
; qhi−li+1, qhi−li′+1ti/ti′ ; q,
x
qhi′−1/2ti′
))
is a solution of Eq. (1.8).
(ii) The function
g(x) = xα1
∞∑
n=0
cn
(qλ+α1 ; q)n
(q1+hi′−liti′/ti; q)n
( x
qli−1/2ti
; q
)
n
(q−λ−α1+hi′+1/2ti′
x
)n
,(2.5)
cn =
n∑
k=0
q−nk+k
2/2 (q
λ+α1−hi′+li′ ; q)k
(qhi−li+1; q)k(q; q)n−k(q; q)k
(
−
q−λ−α1+hi+1/2ti
qli′ ti′
)k
is a solution of Eq. (1.8).
The functions which are obtained by replacing α1 with α2 are also solutions of the
variant of q-hypergeometric equation of degree two. Note that solutions in Theorem
2.2 correspond to the ones obtained by replacing the role of q with q−1 in Proposition
2.1.
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If λ + α1 is a negative integer and set N = −λ − α1, then the summation of
each solution is finite, and the solution is a product of xλ and the polynomial of the
variable x of degree N−1. The polynomial essentially coincides with the Big q-Jacobi
polynomial (cf. [4]).
3. Singly confluent limit
In the introduction, we introduced a variant of the singly confluent q-hypergeometric
equation or the variant of the confluent q-hypergeometric equation of type (1, 2) as
Eq. (1.10), i.e.
qh1+h2−l1−2λ+1/2t2(q
l1−1/2t1 − x)g(qx) + (x− q
h1+1/2t1)(x− q
h2+1/2t2)g(x/q)
− [qα1x2 − qh1+h2−λ+1/2(q−h2t1 + q
−h1t2 + q
−l1t2)x
+ qh1+h2−λ(q + 1)t1t2]g(x) = 0.
By taking the limit q → 1, we essentially obtain the second order linear differential
equation with one regular singularity x = t1 and one irregular singularity x =∞ (see
Eq. (7.4)).
Recall that Eq. (1.10) was obtained by the limit qα2 → 0 from the variant of q-
hypergeometric equation of degree two (i.e. Eq. (1.8)). We can obtain solutions of a
variant of singly confluent q-hypergeometric equation by considering the limit of the
solutions of the variant of q-hypergeometric equation. By taking the limit qα2 → 0
in Proposition 2.1, we may obtain solutions of Eq. (1.10).
Theorem 3.1. (i) The function
g(x) = x−α1
∞∑
n=0
(q−λ−α1+h1+1/2t1x
−1)n(qλ+α1 ; q)n(3.1)
·
n∑
ℓ=0
(qλ+α1−h1+l1 ; q)ℓ
(q; q)n−ℓ(q; q)ℓ
q−ℓ(2n−ℓ−1)/2(−q−λ−α1−l1+h2t2/t1)
ℓ
is a solution of Eq. (1.10).
(ii) The function
g(x) = xλ
∞∑
n=0
qn
(qλ+α1 ; q)n
(qh1−l1+1; q)n(qh2−l1+1t2/t1; q)n(q; q)n
(
x
ql1−1/2t1
; q
)
n
(3.2)
(
= xλ 3φ2
(
qλ+α1 , 0,
x
ql1−1/2t1
; qh1−l1+1, qh2−l1+1t2/t1; q, q
))
is a solution of Eq. (1.10).
(iii) The function
g(x) = x−α1
[ ∞∑
n=0
(qh1+1/2t1
x
; q
)
n
(qλ+α1; q)nq
n
n∑
k=0
qk
2
(qλ+α1+h1−h2t1/t2)
k
(qh1−l1+1; q)k(q; q)k(q; q)n−k
]
(3.3)
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is a solution of Eq. (1.10).
(iv) The function
g(x) = x−α1
[ ∞∑
n=0
(qh2+1/2t2
x
; q
)
n
qn(qλ+α1 ; q)n
(qh2−l1+1t2/t1; q)n
(3.4)
·
n∑
k=0
(qλ−h1+l1+α1 ; q)k
(q; q)k(q; q)n−k
qk(k+1)/2(−qh2−l1t2/t1)
k
]
is a solution of Eq. (1.10).
Proof. We show (ii). It was shown in [3] that the function
g(x) = x−α1
∞∑
n=0
an
(
x
ql1−1/2t1
; q
)
n
(3.5)
is a solution of Eq. (1.8), if the coefficient an satisfies
(1− qh1−l1+n+1)(1− qh2−l1+n+1t2/t1)(1− q
n+1)an+1(3.6)
− q(1− qλ+α1+n)(1− qλ+α2+n)an
− q3(1 + q−1)(1− qh1−l1+n)(1− qh2−l1+nt2/t1)(1− q
n)}an
+ q4(1 + q−1)(1− qλ+α1+n−1)(1− qλ+α2+n−1)an−1
+ q5(1− qh1−l1+n−1)(1− qh2−l1+n−1t2/t1)(1− q
n−1)an−1
− q6(1− qλ+α1+n−2)(1− qλ+α2+n−2)an−2 = 0
for all integer n, where an = 0 for n < 0, and the sequence
an = q
n (q
λ+α1 ; q)n(q
λ+α2 ; q)n
(qh1−l1+1; q)n(qh2−l1+1t2/t1; q)n(q; q)n
(n ≥ 0)(3.7)
satisfies the recursive relation. Thus we recover Proposition 2.1 (ii) for the case
(i, i′) = (1, 2) By taking the limit qα2 → 0, the function g(x) of the form in Eq. (3.5)
is a solution of Eq. (1.10), if the coefficient an satisfies
(1− qh1−l1+n+1)(1− qh2−l1+n+1t2/t1)(1− q
n+1)an+1(3.8)
− q(1− qλ+α1+n)an − q
3(1 + q−1)(1− qh1−l1+n)(1− qh2−l1+nt2/t1)(1− q
n)}an
+ q4(1 + q−1)(1− qλ+α1+n−1)an−1
+ q5(1− qh1−l1+n−1)(1− qh2−l1+n−1t2/t1)(1− q
n−1)an−1
− q6(1− qλ+α1+n−2)an−2 = 0
for all integer n, where an = 0 for n < 0, and it is shown by taking the limit q
α2 → 0
that the sequence
an = q
n (q
λ+α1 ; q)n
(qh1−l1+1; q)n(qh2−l1+1t2/t1; q)n(q; q)n
(n ≥ 0)(3.9)
satisfies the recursive relation. Namely we obtained (ii) by taking the limit of the
function in Proposition 2.1 (ii) for the case (i, i′) = (1, 2) as qα2 →
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We can obtain Theorem (i) by taking the limit of the function in Proposition 2.1
(i) as qα2 → 0. We can also obtain (iii) (resp. (iv)) by taking the limit of the function
in Proposition 2.1 (iii) for the case (i, i′) = (1, 2) (resp. for the case (i, i′) = (2, 1)) as
qα2 → 0. 
By considering the limit of the functions in Theorem 2.2 (i) and Theorem 2.2 (ii)
for the case (i, i′) = (1, 2), we may guess the solutions of Eq. (1.10) and we can
actually establish the following theorem.
Theorem 3.2. (i) Set (i, i′) = (1, 2) or (2, 1). Then the function
g(x) = xλ
∞∑
n=0
(qλ+α1; q)n
(qhi−l1+1ti/t1; q)n(q; q)n
(qhi+1/2ti
x
; q
)
n
( x
qhi′−1/2ti′
)n
(3.10)
(
= xλ 2φ1
(
qλ+α1 ,
qhi+1/2ti
x
; qhi−l1+1ti/t1; q,
x
qhi′−1/2ti′
))
is a solution of Eq. (1.10).
(ii) The function
g(x) = x−α1
∞∑
n=0
cn
(qλ+α1 ; q)n
(q1+h2−l1t2/t1; q)n
( x
ql1−1/2t1
; q
)
n
(q−λ−α1+h2+1/2t2
x
)n
,(3.11)
cn =
n∑
k=0
q−nk+k
2 1
(qh1−l1+1; q)k(q; q)n−k(q; q)k
(qh1−h2t1/t2)
k
is a solution of Eq. (1.10).
Note that, by the limit of the function in Theorem 2.2 (ii) for the case (i, i′) = (2, 1)
as qα2 → 0, we obtain Eq. (3.1).
If λ + α1 is a negative integer and set N = −λ − α1, then the summation of
each solution is finite, and the solution is a product of xλ and the polynomial of
the variable x of degree N − 1. The polynomial essentially coincides with the Big
q-Laguerre polynomial (cf. [4]).
4. Biconfluent limit
In the introduction, we introduced a variant of the biconfluent q-hypergeometric
equation or the variant of the confluent q-hypergeometric equation of type (0, 2) as
Eq. (1.11), i.e.
g(qx) + q2λ+1(1− q−h1−1/2t−11 x)(1− q
−h2−1/2t−12 x)g(x/q)
− [qα1+2λ−h1−h2t−11 t
−1
2 x
2 − qλ+1/2(q−h1t−11 + q
−h2t−12 )x+ q
λ(q + 1)]g(x) = 0.
The equation has the symmetry of replacing (t1, h1) with (t2, h2). By taking the limit
q → 1, we obtain the differential equation in Eq. (7.9).
Eq. (1.11) was obtained by the limit q−l1 → 0 from a variant of singly confluent
q-hypergeometric equation (i.e. Eq. (1.10)). We can obtain solutions of the variant
of biconfluent q-hypergeometric equation by considering the limit of the solutions of
the variant of singly confluent q-hypergeometric equation.
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Theorem 4.1. (i) The function
x−α1
∞∑
n=0
(q−λ−α1+1/2x−1)n(qλ+α1 ; q)n
n∑
ℓ=0
q−ℓ(n−ℓ)(qh1t1)
n−ℓ(qh2t2)
ℓ
(q; q)n−ℓ(q; q)ℓ
(4.1)
is a solution of Eq. (1.11).
(ii) Set (i, i′) = (1, 2) or (2, 1). Then the function
x−α1
[ ∞∑
n=0
(qhi+1/2ti
x
; q
)
n
(qλ+α1 ; q)nq
n
n∑
k=0
qk
2
(qλ+α1+hi−hi′ ti/ti′)
k
(q; q)k(q; q)n−k
]
(4.2)
is a solution of Eq. (1.11).
(iii) Set (i, i′) = (1, 2) or (2, 1). Then the function
g(x) = xλ
∞∑
n=0
(qhi+1/2ti
x
; q
)
n
(qλ+α1 ; q)n
(q; q)n
( x
qhi′−1/2ti′
)n
(4.3)
(
= xλ 2φ1
(
qλ+α1 ,
qhi+1/2ti
x
; 0; q,
x
qhi′−1/2ti′
))
is a solution of Eq. (1.11).
Note that the function in Theorem 4.1 (i) (resp. (ii), (iii)) is obtained by taking
the limit of the function in Eq. (3.1) (resp. Eq. (3.3) (or Eq. (3.4)), Eq. (3.10)) as
q−l1 → 0.
If λ + α1 is a negative integer and set N = −λ − α1, then the summation of each
solution is finite, and the solution is a product of xλ and the polynomial of the variable
x of degree N − 1. The polynomial essentially coincides with the Al-Salam-Carlitz I
polynomial (cf. [4]).
5. Other confluences
We consider other confluence processes such that the degree of the polynomial on
the coefficient of g(x/q) decreases.
We take the limit q−α2 → 0 in Eq. (1.8) with the condition that the value h2−α2 =
−h1 + l1 + l2 + α1 − 1 + 2λ is fixed. Then we have
(x− ql1−1/2t1)(x− q
l2−1/2t2)g(qx)− q
−h1+l1+l2+2λ−1/2t2(x− q
h1+1/2t1)g(x/q)(5.1)
− [ q−α1x2 − ql1+l2+λ−1/2
{
q−l2t1 +
(
q−h1 + q−l1
)
t2
}
x
+ ql1+l2+λ(1 + q−1)t1t2]g(x) = 0.
We may regard the parameter λ to be independent from the other parameters h1, h2,
l1, α1, t1 and t2. We call it another variant of the singly confluent q-hypergeometric
equation or the variant of the confluent q-hypergeometric equation of type (2, 1).
We can obtain solutions of the variant of the confluent q-hypergeometric equation of
type (2, 1) by considering the limit of the solutions of the variant of q-hypergeometric
equation.
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Theorem 5.1. (i) Set (i, i′) = (1, 2) or (2, 1). Then the function
xλ
∞∑
n=0
(q−λ−α1+h1−li′+1t1/ti′)
n (q
λ+α1 ; q)n
(qh1−li+1t1/ti; q)n(q; q)n
(
x
qli−1/2ti
; q
)
n
(5.2)
(
= xλ 2φ1
(
qλ+α1 ,
x
qli−1/2ti
; qh1−li+1t1/ti; q, q
−λ−α1+h1−li′+1t1/ti′
))
is a solution of Eq. (5.1).
(ii) The function
g(x) =x−α1
∞∑
n=0
(q1/2x−1)n(qλ+α1 ; q)n
n∑
k=0
(qλ+α1−h1+l1 ; q)n−k
(q; q)k(q; q)n−k
(ql1t1)
k(ql2t2)
n−k(5.3)
is a solution of Eq. (5.1).
(iii) The function
g(x) = x−α1
[ ∞∑
n=0
(qh1+1/2t1/x; q)n
(qλ+α1 ; q)n
(qh1−l2+1t1/t2; q)n
qn
n∑
k=0
qk(k+1)/2(−qh1−l2t1/t2)
k
(qh1−l1+1; q)k(q; q)k(q; q)n−k
](5.4)
is a solution of Eq. (5.1).
We can obtain the functions in Theorem 5.1 (i) (resp. (ii), (iii)) by taking the
limit of the function in Proposition 2.1 (ii) (resp. Proposition 2.1 (i), Proposition 2.1
(iii) for the case (i, i′) = (1, 2)) as q−α2 → 0. We can also obtain the functions in
Theorem 5.1 (ii) by taking the limit of the function in Proposition 2.1 (iii) for the
case (i, i′) = (2, 1)
Theorem 5.2. (i) The function
g(x) = xλ
∞∑
n=0
(qh1+1/2t1
x
; q
)
n
(qλ+α1; q)nq
n(n−1)/2(−q−λ−α1−l1−l2+h1+3/2x/t2)
n
(qh1−l1+1; q)n(qh1−l2+1t1/t2; q)n(q; q)n
(5.5)
(
= xλ 2φ2
(
qλ+α1 ,
qh1+1/2t1
x
; qh1−l1+1, qh1−l2+1t1/t2; q, q
−λ−α1−l1−l2+h1+3/2x/t2
))
is a solution of Eq. (5.1).
(ii) The function
g(x) = x−α1
∞∑
n=0
cn
( x
ql1−1/2t1
; q
)
n
(
−
q−λ−α1+l1t1
x
)n
(qλ+α1 ; q)nq
−n2/2,(5.6)
cn =
n∑
k=0
q−nk+k
2/2 1
(qh1−l1+1; q)k(q; q)n−k(q; q)k
(
−
q−λ−α1+h1+1/2t1
ql2t2
)k
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is a solution of Eq. (5.1).
(iii) The function
g(x) = x−α1
∞∑
n=0
cn
( x
ql2−1/2t2
; q
)
n
(q−λ−α1+h1+1/2t1
x
)n (qλ+α1 ; q)n
(q1+h1−l2t1/t2; q)n
,(5.7)
cn =
n∑
k=0
q−nk
(qλ+α1−h1+l1 ; q)k
(q; q)n−k(q; q)k
(q−λ−α1+l2t2
ql1t1
)k
is a solution of Eq. (5.1).
The function in Theorem 5.2 (i) (resp. (ii), (iii)) appears as the limit of the function
in Theorem 2.2 (i) for the case (i, i′) = (1, 2) (resp. Theorem 2.2 (ii) for the case
(i, i′) = (1, 2), Theorem 2.2 (ii) for the case (i, i′) = (2, 1)) as q−α2 → 0.
To obtain a variant of another biconfluent q-hypergeometric equation, we take the
limit q−h1 → 0 in Eq. (5.1). Then we have
q−2λ−1(1− q−l1+1/2t−11 x)(1− q
−l2+1/2t−12 x)g(qx) + g(x/q)
(5.8)
− [q−α1−l1−l2−2λt−11 t
−1
2 x
2 − q−λ−1/2(q−l1t−11 + q
−l2t−12 )x+ q
−λ(1 + q−1)]g(x) = 0.
We call it another variant of the biconfluent q-hypergeometric equation or the variant
of the confluent q-hypergeometric equation of type (2, 0). The equation has the
symmetry of replacing (t1, l1) with (t2, l2). By taking the limit q → 1, we essentially
obtain the Hermite-Weber differential equation (see section 7).
We can obtain solutions of the variant of the confluent q-hypergeometric equation
of type (2, 0) by considering the limit of the solutions of the variant of the confluent
q-hypergeometric equation of type (2, 1).
Theorem 5.3. (i) Set (i, i′) = (1, 2) or (2, 1). Then the function
xλ
∞∑
n=0
(−q−λ−α1+li−li′ ti/ti′)
n q
−n(n−1)/2(qλ+α1 ; q)n
(q; q)n
(
x
qli−1/2ti
; q
)
n
(5.9)
(
= xλ 2φ0
(
qλ+α1 ,
x
qli−1/2ti
;−; q, q−λ−α1+li−li′ ti/ti′
))
is a solution of Eq. (5.8).
(ii) The function
g(x) =x−α1
∞∑
n=0
(q1/2x−1)n(qλ+α1 ; q)n
n∑
k=0
(ql1t1)
k(ql2t2)
n−k
(q; q)k(q; q)n−k
(5.10)
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is a solution of Eq. (5.8).
(iii) Set (i, i′) = (1, 2) or (2, 1). Then the function
g(x) = x−α1
∞∑
n=0
cn
( x
qli−1/2ti
; q
)
n
(
−
q−λ−α1+liti
x
)n
(qλ+α1 ; q)nq
−n2/2,(5.11)
cn =
n∑
k=0
q−nk
1
(q; q)n−k(q; q)k
(q−λ−α1+li−li′ ti
ti′
)k
is a solution of Eq. (5.8).
We can obtain the function in Theorem 5.3 (i) (resp. Theorem 5.3 (ii)) by taking
the limit of the function in Eq. (5.2) (resp. Eq. (5.3)) as q−h1 → 0. We can also
obtain the function in Theorem 5.3 (iii) for the case (i.i′) = (1, 2) (resp. the case
(i.i′) = (2, 1)) by taking the limit of the function in Eq. (5.6) (resp. Eq. (5.7)) as
q−h1 → 0.
6. Gauge transformation
We investigate the gauge transformation of linear difference equations and we ap-
ply it to the correspondence between the variant of the confluent q-hypergeometric
equation of type (i, j) and that of type (j, i).
Proposition 6.1. Let (αx; q)∞ =
∏
∞
i=0(1− q
iαx).
(i) If y(x) is a solution of the difference equation (1 − αx)a(x)g(x/q) + b(x)g(x) +
c(x)g(qx) = 0, then the function u(x) = (αqx; q)∞y(x) satisfies a(x)g(x/q)+b(x)g(x)+
(1− αqx)c(x)g(qx) = 0.
(ii) If y(x) is a solution of the difference equation a(x)g(x/q) + b(x)g(x) + (1 −
αx)c(x)g(qx) = 0, then the function u(x) = y(x)/(αx; q)∞ satisfies (1−αx/q)a(x)g(x/q)+
b(x)g(x) + c(x)g(qx) = 0.
Proof. It follows from the definition that (αx; q)∞ = (1−αx)(αqx; q)∞ and (αq
2x; q)∞ =
(αqx; q)∞/(1−αqx). If the function y(x) satisfies a(x)y(x/q)+b(x)y(x)+c(x)y(qx) =
0 and y(x) = u(x)/(αqx; q)∞), then we have (αqx; q)∞a(x)u(x/q)/(1−αx)+(αqx; q)∞b(x)u(x)+
(αqx; q)∞(1−αqx)c(x)u(qx) = 0. Hence we obtain (i). We can show (ii) similarly. 
By applying 6.1, we obtain correspondences among the variants of the confluent
q-hypergeometric equation. A correspondence between Eq. (1.10) and Eq. (5.1) is
given as follows.
Proposition 6.2. Assume that function y(x) is a solution of the variant of the con-
fluent q-hypergeometric equation of type (1, 2) given in Eq. (1.10). Then the func-
tion u(x) = (q−h2+1/2t−12 x; q)∞y(x) is a solution of the variant of the confluent q-
hypergeometric equation of type (2, 1) written as
(x− q l˜1−1/2t1)(x− q
l˜2−1/2t2)g(qx)− q
−h˜1+l˜1+l˜2+2λ−1/2t2(x− q
h˜1+1/2t1)g(x/q)(6.1)
− [ q−α˜1x2 − q l˜1+l˜2+λ−1/2{q−l˜2t1 + (q
−h˜1 + q−l˜1)t2}x
+ q l˜1+l˜2+λ(q + 1)t1t2]g(x) = 0,
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where
l˜1 = l1, l˜2 = h2, h˜1 = h1, α˜1 + α1 = h1 − l1 + 1− 2λ.(6.2)
Conversely, if the function u(x) satisfies Eq. (6.1), then the function y(x) = u(x)/(q−l˜2+1/2t−12 x; q)∞
satisfies Eq. (1.10) where the relationship among the parameters is given by Eq. (6.2).
Proof. It follows from Eq. (1.10) that
(1− q−l1+1/2t−11 x)g(qx) + q
2λ+1(1− q−h1−1/2t−11 x)(1− q
−h2−1/2t−12 x)g(x/q)(6.3)
− [q2λ+α1−h1−h2t−11 t
−1
2 x
2 − qλ+1/2(q−h2t−12 + q
−h1t−11 + q
−l1t−11 )x
+ qλ(q + 1)]g(x) = 0.
We apply Proposition 6.1 (i). Set α = q−h2−1/2t−11 . Then the function u(x) =
(q−h2+1/2t−12 x; q)∞y(x) satisfies
(1− q−l1+1/2t−11 x)(1− q
−h2+1/2t−12 x)g(qx) + q
2λ+1(1− q−h1−1/2t−11 x)g(x/q)(6.4)
− [q2λ+α1−h1−h2t−11 t
−1
2 x
2 − qλ+1/2(q−h2t−12 + q
−h1t−11 + q
−l1t−11 )x
+ qλ(q + 1)]g(x) = 0.
On the other hand, Eq. (6.1) is rewritten as
(1− q−l˜1+1/2t−11 x)(1− q
−l˜2+1/2t−12 x)g(qx) + q
2λ+1(1− q−h˜1−1/2t−11 x)g(x/q)(6.5)
− [q−α˜1−l˜1−l˜2+1t−11 t
−1
2 x
2 − qλ+1/2(q−l˜2t−12 + q
−h˜1t−11 + q
−l˜1t−11 )x
+ qλ(q + 1)]g(x) = 0.
By these expressions, we obtain the proposition. 
As a consequence of Proposition 6.2, we obtain the following series solutions about
x =∞.
Proposition 6.3. (i) The functions
g1(x) = x
−α1
∞∑
n=0
(q−λ−α1+h1+1/2t1x
−1)n(qλ+α1; q)n(6.6)
·
n∑
ℓ=0
(qλ+α1−h1+l1 ; q)ℓ
(q; q)n−ℓ(q; q)ℓ
q−ℓ(2n−ℓ−1)/2(−q−λ−α1−l1+h2t2/t1)
ℓ,
g2(x) = ((q
−h2+1/2t−12 x; q)∞)
−1x2λ+α1−h1+l1−1
∞∑
n=0
(q1/2x−1)n
· (q−λ−α1+h1−l1+1; q)n
n∑
k=0
(q−λ−α1+1; q)n−k
(q; q)k(q; q)n−k
(ql1t1)
k(qh2t2)
n−k
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are solutions of Eq. (1.10).
(ii) The functions
g3(x) = (q
−l2+1/2t−12 x; q)∞x
2λ+α1−h1+l1−1
∞∑
n=0
(qλ+α1+l1−1/2t1x
−1)n
(6.7)
· (q−λ−α1+h1−l1+1; q)n
n∑
ℓ=0
(q−λ−α1+1; q)ℓ
(q; q)n−ℓ(q; q)ℓ
q−ℓ(2n−ℓ−1)/2(−qλ+α1−h1+l2−1t2/t1)
ℓ,
g4(x) = x
−α1
∞∑
n=0
(q1/2x−1)n(qλ+α1 ; q)n
n∑
k=0
(qλ+α1−h1+l1; q)n−k
(q; q)k(q; q)n−k
(ql1t1)
k(ql2t2)
n−k
are solutions of Eq. (5.1).
We can show similar properties for the biconfluent equations (Eq. (1.11) and
Eq. (5.8)).
Proposition 6.4. (i) Assume that function y(x) is a solution of the variant of the
confluent q-hypergeometric equation of type (0, 2) given in Eq. (1.11). Then the func-
tion u(x) = (q−h1+1/2t−11 x; q)∞(q
−h2+1/2t−12 x; q)∞y(x) is a solution of the variant of
the confluent q-hypergeometric equation of type (2, 0) written as
q2λ+1g(x/q) + (1− q−l1+1/2t−11 x)(1− q
−l2+1/2t−12 x)g(qx)(6.8)
− [q−α˜1−l1−l2+1t−11 t
−1
2 x
2 − qλ+1/2(q−l2t−12 + q
−l1t−11 )x+ q
λ(q + 1)]g(x) = 0
where
l1 = h1, l2 = h2, α˜1 + α1 = 1− 2λ.(6.9)
Conversely, if the function u(x) satisfies Eq. (6.8), then the function y(x) = u(x)/(
(q−l1+1/2t−11 x; q)∞(q
−l2+1/2t−12 x; q)∞) satisfies Eq. (1.11) where the relationship among
the parameters is given by Eq. (6.9).
(ii) The functions
g1(x) = x
−α1
∞∑
n=0
(q−λ−α1+1/2x−1)n(qλ+α1; q)n
n∑
ℓ=0
q−ℓ(n−ℓ)(qh1t1)
n−ℓ(qh2t2)
ℓ
(q; q)n−ℓ(q; q)ℓ
,(6.10)
g2(x) = ((q
−h1+1/2t−11 x; q)∞(q
−h2+1/2t−12 x; q)∞)
−1x2λ+α1−1
·
∞∑
n=0
(q1/2x−1)n(q−λ−α1−1; q)n
n∑
k=0
(qh1t1)
k(qh2t2)
n−k
(q; q)k(q; q)n−k
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are solutions of Eq. (1.11).
(iii) The functions
g3(x) = (q
−l1+1/2t−11 x; q)∞(q
−l2+1/2t−12 x; q)∞x
2λ+α1−1(6.11)
·
∞∑
n=0
(qλ+α1−1/2x−1)n(qλ+α1 ; q)n
n∑
ℓ=0
q−ℓ(n−ℓ)(ql1t1)
n−ℓ(ql2t2)
ℓ
(q; q)n−ℓ(q; q)ℓ
,
g4(x) = x
−α1
∞∑
n=0
(q1/2x−1)n(qλ+α1 ; q)n
n∑
k=0
(ql1t1)
k(ql2t2)
n−k
(q; q)k(q; q)n−k
are solutions of Eq. (5.8).
7. Limit to the differential equation
We are going to obtain differential equations from the difference equations given
in this paper as q → 1. Recall that the variant of the confluent q-hypergeometric
equation of type (1, 2) was given by
qh1+h2−l1−2λ+1/2t2(q
l1−1/2t1 − x)g(qx) + (x− q
h1+1/2t1)(x− q
h2+1/2t2)g(x/q)(7.1)
− [qα1x2 − qh1+h2−λ+1/2(q−h2t1 + q
−h1t2 + q
−l1t2)x
+ qh1+h2−λ(q + 1)t1t2]g(x) = 0.
Set q = 1+ε, t2 = 1/(Tε) and consider the limit ε→ 0, which is equivalent to q → 1.
By using Taylor’s expansion
g(x/q) = g(x) + (−ε+ ε2)xg′(x) + ε2x2g′′(x)/2 +O(ε3),(7.2)
g(qx) = g(x) + εxg′(x) + ε2x2g′′(x)/2 +O(ε3),
we find the following limit as ε→ 0:
x2(x− t1)g
′′(x) + x{Tx(x− t1) + (h1 − l1 + 1)x− 2λ(x− t1)}g
′(x)(7.3)
+ {α1Tx
2 + λ(t1T − h1 + l1 + λ)x− λ(λ+ 1)t1}g(x) = 0.
This equation has an irregular singularity about x = ∞ and regular singularities
about x = 0, t1, and we can show that the singularity x = 0 is apparent. Set f(x) =
xλg(x). Then we essentially obtain Kummer’s confluent hypergeometric equation.
(x− t1)f
′′(x) + {(x− t1)T + h1 − l1 + 1}f
′(x) + (λ+ α1)Tf(x) = 0.(7.4)
By the limit to the differential equation, some solutions of Eq. (7.1) may converge to
the solutions of Eq. (7.3). For example, the function
(7.5) xλ 3φ2(q
λ+α1, 0, x/(ql1−1/2t1); q
h1−l1+1, qh2−l1+1t2/t1; q, q)
in Eq. (3.2), which is a solution of Eq. (7.1), converges to the function
xλ1F1(λ+ α1, h1 − l1 + 1;T (t1 − x))
(
= xλ
∞∑
n=0
(λ+ α1)n
(h1 − l1 + 1)nn!
T n(t1 − x)
n
)
(7.6)
for each component of the series as ε→ 0 where q = 1 + ε and t2 = 1/(Tε).
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We can also obtain Eq. (7.3) from the variant of the confluent q-hypergeometric
equation of type (2, 1). Namely we can obtain Eq. (7.3) from Eq. (5.1) as ε → 0 by
setting q = 1 + ε and t2 = −1/(Tε).
We consider the limit from variants of the doubly confluent q-hypergeometric equa-
tion. Recall that the variant of the confluent q-hypergeometric equation of type (0, 2)
was given by
g(qx) + q2λ+1(t−11 q
−h1−1/2x− 1)(t−12 q
−h2−1/2x− 1)g(x/q)(7.7)
− [t−11 t
−1
2 q
α1+2λ−h1−h2x2 − qλ+1/2(q−h2t−12 + q
−h1t−11 )x+ q
λ(q + 1)]g(x) = 0.
Set q = 1 + ε, t−11 = Bǫ
1/2, t−12 = −Bǫ
1/2, and consider the limit ε → 0. Then we
find the following limit as ε→ 0:
x2g′′(x) + x(B2x2 − 2λ)g′(x) + {α1B
2x2 + λ(λ+ 1)}g(x) = 0.(7.8)
Set f(x) = xλg(x). Then we have
f ′′(x) +B2xf ′(x) + (α1 + λ)B
2g(x) = 0.(7.9)
It seems that the solution of Eq. (7.7) given in Eq. (4.1) tends to the formal series
x−α1
∞∑
n=0
(λ+ α1)2n
n!B2n
x−2n(7.10)
for each component as ε→ 0. This series is a formal solution of Eq. (7.8).
We can obtain Eq. (7.8) from the variant of the confluent q-hypergeometric equation
of type (2, 0). Namely we obtain Eq. (7.8) from Eq. (5.8) as ε→ 0 by setting q = 1+ε,
t−11 = B(−ǫ)
1/2 and t−12 = −B(−ǫ)
1/2.
8. Concluding remarks
In this article, we investigated degenerations of the variant of q-hypergeometric
equation of degree two and obtained several formal solutions of the variant of singly
confluent and biconfluent q-hypergeometric equations. Convergence or divergence of
the formal solutions and the resummation should be clarified in a near future. We
propose a problem for obtaining further degeneration of the variant of biconfluent
q-hypergeometric equation. We may define a variant of triconfluent q-hypergeometric
equation by considering the degeneration such that the coefficient of g(x/q) in Eq. (1.11)
is a linear polynomial, although we do not know how to obtain the limit to the dif-
ferential equation (e.g. Airy’s differential equation).
In [5], Ohyama proposed a coalescent diagram of q-special functions starting from
the Heine’s q-hypergeometric function, which is related with special solutions of
q-difference Painleve´ equations. Although the degenerations of the variant of q-
hypergeometric equation in this paper are different objects from the ones in Ohyama’s
paper, it would be interesting to find a unified theory. For example, the standard
singly confluent q-hypergeometric equation (c−ax)u(qx)−(c+q−x)u(x)+qu(x/q) = 0
can be essentially obtained from the variant of the confluent q-hypergeometric equa-
tion of type (2, 1) (i.e. Eq. (5.1)) by the limit t1 → 0. However it would not be simple
for the biconfluent case. The monograph by Koekoek-Lesky-Swarttouw [4] might be
available for further studies.
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